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PARABOLIC LITTLEWOOD-PALEY INEQUALITY FOR A 
CLASS OF TIME-DEPENDENT OPERATORS OF ARBITRARY 
ORDER, AND APPLICATIONS TO HIGHER ORDER 
STOCHASTIC PDE 

ILDOO KIM, KYEONG-HUN KIM, AND SUNGBIN LIM 


Abstract. In this paper we prove a parabolic version of the Littlewood-Paley 
inequality for a class of time-dependent local and non-local operators of arbi¬ 
trary order, and as an application we show this inequality gives a fundamental 
estimate for the L p -theory of the stochastic partial differential equations. 


1. Introduction 

The classical Littlewood-Paley inequality says (see [T5]) that for any p G (1, oo) 
and / G L p ( R d ), 

r / poo _ \ p /2 

Jr^Uo dx - N (p)\\f\\p’ ( L1 ) 

where e tA /(x) := S t f = p(t , •) * /(•) = (4 J)d/ 2 J r j /0 - y)e^dy. In [5, 7\ 
Krylov proved the following parabolic version, in which H is a Hilbert space : for 
any p £ [2, oo), —oo < a < b < oo, / £ L p ((a, b) x R d , R), 


K£=Ae ( -> 4 /)( S ,x)l?,*)>' 2 K, ((a , i)xRi) < «MIII/l«r M( „,(1-2) 


Some related works and the significance of the parabolic Littlewood-Paley inequality 
in the L p -theory of stochastic PDEs will be discussed later. 

If / = f(x) and H = R then by (11.21) with a = 0 and 6 = 2, 


/R d JO 


< 


/R d J 1 Jo 


V^Ae sA f\ 2 ds} p/2 dx 

\V^Ae {t - s)A f\ 2 ds} p/2 dtdx < 2N{p)\\f\\ p Lp{Rdy 


This and the scaling (y/-AS t f(c-))(x) = s/—A(cS c 2 t f)(cx) yield (11.11) . Hence (11.21) 
is a generalization of (ED. Note that by putting K 0 (t,x) = y/—Ap{t, x), we get 
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yJ—AeS* S ) A / = K 0 (t — s, •) * /(s, •) and therefore ( 11 . 21 ) becomes 

ll(/‘|jro((-»,0*/(»r)Wli*) V! 'lli„( (0ii) , R . ) <JV|||/lHlll„, w) , R . ) . (i.3) 

«/ a 

In this article we extend HOD to a class of time-dependent operators. For a wide 
class of differential operators A(t) with symbol ?/i(f,£), one can define the kernel 

ft 


so that the solution of 
is given by 


p(t,s,x) =p A (t,s,x) = T x (exp( / ip(\r,£))dr))(x) 

J S 

ut = A(t)u + /, u( 0) = 0 


u= p(t,s,-)* f(s,-)ds. 
Jo 


We provide a classification of operators A(t) for which (|1.3|) holds with formally 


K A (t, s, x) = y/-A(t)p(t, S, X ). 


More generally, we provide sufficient conditions on measurable functions K(t,s,x) 
on R d+2 so that 

ll( f l*(M,-) • < W|||/| ff ||' i(( „ A)xRi) (1.4) 

J a 


holds for any / £ C'g°(R d+1 , H) with constant N independent of /, a and b. The 
functions K(t, s, x) are assumed to satisfy the conditions described in Assumptions 

f2Tl and f2~2l 

For concrete examples we introduce the operators A\(t) of 2m-order (m = 
1, 2,3, • • •) and A 2 (t) of order 7 £ (0, 00 ) 


A 1 {t)u:={-l) m ~ x E a ap {t)D a+p u, A 2 (t)u:=-a(t)(-Ay /2 (1.5) 

\a\=\0\=m 


where — a(t)(— A ) 7 / 2 is the operator with symbol — a(t )|£| 7 and the coefficients a(t) 
and a a P{t) are bounded measurable in t and satisfy the ellipticity conditions 

0 < v < 5f[a(t)] < ^ _1 , 


and 

m 2m < E r^[« Q/ 3 w] <^\ 2m - 

|a| = |/3|=m 

Here Sft[z] is the real part of z. Let pi(t,s,x) and p 2 (t,s,x) be the kernels related 
to Ai(t) and A 2 {t) respectively. We prove that (11.41) holds with 

Ki(t, s , x) := D m pi(t, s, x), K 2 (t , s, x) := (-A) 7 / 4 p 2 (t, s, x). 


Letting the function / depend only on x, one can obtain elliptic versions of these 
results. For instance, we have for any 7 £ (0, 00 ) and / £ L p (R d ), 

p / poo \ p/2 

Jn d \Jo l(” A ) 7/2e_t( ” A)1 7| 2 *J dx < A(p, 7 )||/||P, V 7 £( 0 ,oo), 

which is an extension of ED, the classical (elliptic) Littlcwood-Paley inequality. 
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Among many other examples of ED are the product Ai(f)A 2 (f) and (—A) k Co(t) 
(k = 0 , 1 , 2 ,---), where 

A 0 (t)u = j ^ (u(x + y)~ u(x) - x(y)(Vu(x), y) ^ , (1.6) 

7 £ (0,2), x{y) = !"/>i + Ay—i/|y|<i, and m(t,y) > 0 satisfies a certain condition 
described in Corollary 12.81 Note that if m(t,y) = 1 then C Q = —(—A) 7 / 2 . 

One of important applications of the parabolic Littlewood-Paley inequality is 
the theory of stochastic partial differential equations of the type 

OO 

du = Ai(uj,t)u dt + ^ f k dw k , u(0,x) = 0. (1.7) 

fc=l 

Here / = (f 1 , / 2 , • • •) is an ^-valued random function depending on (f, x), and w k 
are independent one-dimensional Wiener processes defined on a probability space 
(B, P). The operators At = Ai(ix,t) are defined in (11.51) . but this time we allow 
the coefficients a(w,f) and a a/ 3 (w,f) to depend also on u £ SI. It turns out that 
if / = (. f 1 ,/ 2 ,---) e L p (n X (o, oo) X n d ,£ 2 ) satisfies a certain measurability 
condition, the solutions of these problems are given by 

oo ft 

Ui(t,x)= V / pi(t,s,-)* f k {s,-)(x)dw k s , * = 1,2 (1.8) 

fc=l Ja 


where Pi{t, s, x) are introduced above, but they are random due to the randomness 
of the coefficients. The derivation of formula (11.81) can be found in ( 8 j when A, = 
A, and by repeating the arguments in [ 8 ] one can derive (11.81) for such Ai. By 
Burkholder-Davis-Gundy inequality (see [(TJ), we have 

\\D u i(t> ■)lli p (n x (o,oo)xR‘ i ) 

< N (P)\\ lJ o \D m pi(t, s, •) * f(s, •)( :r )ll 2 ^ s ] 1 / 2 |lL p( n x( 0 , O o )x R d ) ‘ ( L9 ) 

The corresponding inequality for U 2 also holds with p 2 and (—A ) 7 / 4 in place of p\ 
and D m respectively. Actually if / is not random, then u\ and U 2 become Gaussian 
processes and the reverse inequalities also hold. Thus to prove 

D m u i, (—A) 7 / 4 u 2 £ L p {n x ( 0 ,oo) x R d ) 

and to get a legitimate start of the L p -theory of stochastic PDEs of type ED , one 
has to estimate the right-hand side of ED - Obviously ED with K i and ED 
imply 


in' 


Ul (A■)lli /p (n X (o,oo)xR d ) A N(p,m)\\\f\e 2 lli /p (o X (o,oo)xR d )' ( 1 - 10 ) 


Using (11.101) and following the ideas in [ 8 ], one can construct an L p -theory of the 
general 2m-order stochastic PDEs. Similarly one can construct an L p -theory of 
stochastic PDEs with the operator A 2 (w, t). We acknowledge that if the coefficients 
a a P are independent of t then inequality (|1.101) for high order stochastic PDEs is also 
introduced in m on the basis of U°°-fuiictional calculus which is far different from 
our approach. One of advantages of our approach is that no regularity condition of 
the coefficients with respect to time variable is required. 
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Below is a short description on the related works. As mentioned above parabolic 
Littlewood-Paley inequality related to the Laplacian A was first proved by Krylov in 
urn- This result is considered as a foundation of the L p -theory of the second-order 
stochastic partial differential equations. Recently the parabolic Littlewood-Paley 
inequality was proved for the fractional Laplacian (—A) 7//2 , 7 G (0,2), in US, and 
a slight extension of the result of mm was made to the operator £o(t) in [10] and 
to the operator with symbol — </>(|£| 2 ) SI, where Co(t) is from (11.01) and <f> is a 
Bernstein function satisfying 

c~ l \ Sl (f>{t) < < c\ &2 (j){t ), V A, t > 1, 

4>(Xt) < c\ &3 (j){t), V A, t < 1 

with some constants c > 1, 0 < <$i < <$2 < 1 and £3 £ (0,1]. The operators 
considered in m m 11 HD] are of order less than 2, they (except £o(t)) do not 
depend on t. The novelty of this article is that it extends existing results which 
have been proved for lower order operators independent of t to the time-dependent 
local and non-local operators of arbitrary order. 

Next we briefly describe our approach to prove m- We estimate the sharp 
function of (f* \K(t,s,-) * f(s, ■)(x)\ 2 H ds) 1 / 2 in terms of the maximal function of 
\f\n, then apply Fefferman-Stein theorem and Hardy-Littlewood maximal theorem. 
The operators considered in mmm are the infinitesimal generators of certain Levy 
processes, and the related kernels p{t , x) are transition densities of these processes. 
Thus to estimate the sharp function of (f* \K(t, s, -)*/(s, •)( a; )l 1/ds) 1 / 2 , appropriate 
bounds of the transition densities can be used as in in m m. But for high order 
operators there is no such related Levy process and this method can not be applied. 
Instead, we modify the idea in m and make a good use of Parseval’s identity which 
enables us to avoid using estimates of the kernels related to the operators. 

Finally we introduce some notation used in the article. As usual R d stands for 
the Euclidean space of points x = (x 1 ,..., x d ), B r (x) := {y £ R d : \x — y\ < r} 
and B r := B r ( 0). For multi-indices a = (op,..., a d ), cq £ {0,1, 2,...}, x £ R d , and 
functions u(x) we set 

du 

u * i = Q-i = D ^ D ° u = D T ■ - • D?u, 

x a = (x 1 )" 1 (x 2 )“ 2 • • • ( x d ) ad , \a\ = ai-\ -1- a d - 

We also use D™ to denote a partial derivative of order m with respect to x. For an 
open set U C R d and a nonnegative integer n, we write u £ C n (U ) if u is n-times 
continuously differentiable in U. By Cq(U) (resp. Cfi°(U)) we denote the set of all 
functions in C n (U ) (resp. C°°(U)) with compact supports. The standard L p -space 
on U with Lebesgue measure is denoted by L P (U). Similarly, by Co°(R d ,IL) we 
denote the set of .£/-valued infinitely differentiable functions with compact support. 
We use to denote a definition, a A b = min{a, &}, a V b = max{a, b} and [_aj 
is the biggest integer which is less than or equal to a. By T and T ~ 1 we denote 
the Fourier transform and the inverse Fourier transform, respectively. That is, 
Hf)(0 ■= J R de~ ix< f{x)dx and ^{^(x) := ^ J Rd e^7(()rf(. For a Borel 

set X C R d , we use |A| to denote its Lebesgue measure and by Ix(x) we denote the 

1 /2 

indicator of A. For a sequence a = (ai, 02 , <23, ■ • ■), we define |a|^ 2 = (]Cfc°=i a V) 
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If we write N = N(a,...,z), this means that the constant N depends only on 


2. Main results 

In this section we prove El, a generalized version of the parabolic Littlewood- 
Paley inequality, under the following conditions on the kernel K(t, s, x ) and provide 
a classification of operators Aft) for which (11.41) holds with K = Ka (see E)). Three 
interesting examples related to the operators Ai(t), A 2 (t) and (— A) k Co(t) are also 
presented. 

Assumption 12.II below is needed to prove El for p = 2. 

Assumption 2.1. The kernel Kft,s,x ) is a measurable function defined on R d+2 
satisfying 

POO 

/ \F{K(t,s,-)}(f)\ 2 dt<C 0 (2.1) 

J S 

with constant Co independent of (s,£). 


Take a constant C 2 > \ and denote 


2(d + l)( c 2 + 1) + 3 
2(d + 2) 


( 2 . 2 ) 


Assumption 2.2. (i) For almost all t and each s < t, Kft,s,-) D x K(t,s,-) and 
■^K{t, s,x) are locally integrable functions of x. 

(ii) There exist functions F^ft, s,x) and positive constants cq, aq (i = 1,2,3) and 
C such that for almost all t and each s < t and x £ R d \ {0}, 


\D x Kft,s,x)\ < C\(t — s) ai Fi(t, s, (t — s) Kl a:)|, (2.3) 

| D 2 x K{t, s,x)| < c[(t - s) -CT2 \F 2 (t, s, ft - s) _K2 a;)| A (t — s) _C2 ^ , (2.4) 

\^D x K(t,s,x)\ < c(ft - s)~ a3 \F 3 (t, s, ft - s) _K3 x)| Aft — s) _C3 j. (2.5) 

(in) For these Fi (i = 1,2,3,), we have 

sup / |a;| Ml \Fi(t, s, x)\ 2 dx < oo, (2.6) 

«<t J R d 

sup / \x\ IJ ' 2 \F 2 (t,s,x)\' 2 dx < oo, (2.7) 

s<t J\ x \>(t-s) c 2- c 3 +1 -*-2 

sup / |a;| M3 1 ^ 3 (£, s, x)\ 2 dx 

s<t J |s|>(4—s) c 2-'=3 + 1 -'»3 

where pi > d + 2 (i = 1,2,3) satisfy the following system 


( 2 . 8 ) 
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(C 2 — C3 + 1 — Kl)m = d{n 1 + C 2 - C 3 + 1) + 2(C2 — C3 - Ul) + 3 
< (02 — C 3 + 1 — k 2 )M2 = d(n 2 - c 2 + C 3 - 1) + 2(c 2 - a 2 ) >• 

(c 2 - C 3 + 1 - re 3 )M 3 = - C 2 + C 3 - 1) + 2(c 3 - CT 3 ) 


(2.9) 


Remark 2.3. (i) Suppose 

sup / s, x)| 2 da; < oo, (i = 1,2,3) 

8<t J ra 

and 

sup / \x\^\Fi(t, s,x)\ 2 dx < oo (i = 1,2,3) 

«<* J R d 

with some (fii, (i 2 , (i 3 ) G R 3 . Then obviously (12.61) - (12.81) hold for any /q < /q 
(z = 1,2,3). 

(ii) Suppose, for example, C2 — C3 + 1 — n 2 = 0. Then in (12.91) we are assuming 

d(n 2 — c 2 + c 3 — 1) + 2 (c 2 — cr 2 ) = 0. 

In this case, we have a freedom of choosing p 2 , that is we can choose arbitrary 
H 2 > d + 2 satisfying m- 

(iii) Put 


S 0 := c 2 -c 3 + l, 0 (0,i?) := 6d- 2d. (2.10) 

One can easily check 

0(0i + 02, 0i + 02) = 0(0i, 0i) + 0(02,02), 


and m is equivalent to 


£ 

1 

0 


Ml 


0(ki + 0o, G i — <^o) + 1 

<5o — K 2 


M2 

= 

0(k 2 - S 0 , (72 ~ C 2 ) 

1 - 

O 

1 

w 

1 _ 


. 03 . 


0(«3 ^ 0O,Cr 3 - C 3 ) 


Note that to prove CE 3 D we may assume a = —00 and b = 00 . Recall H denote 
a Hilbert space. Here are the main results of this article. The proofs of Theorems 
12.41 and 12.51 are given in Sections [4] and [5] respectively. 


Theorem 2.4. Let p > 2. Suvvose that Assumvtions \2.1\ and \2.‘A hold. Then for 
any f £ C$° (R d+1 , H), 

rt - - 1/2 


( / | K(t,s,-)* f(s,-)(x)\ 2 H ds) 

^ J — OO ' 


L p (R d + 1 ) 


< ^ / 'III/IrIIl p (R‘ i + i ), 


where N is independent of f. 


Let Aft) be a non-positive operator with the symbol if(t,£), that is 

T(A(t)um = v« e C 0 °°(R d ). 
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Define the kernel p(t , s, x ) by the formula 

p{t,s,x) = / 0 < s<t J' _1 (exp(^ i/>(r,£))dr))(:r). (2.12) 

Theorem 2.5. Fix p > 2 and 7 > 0. Assume there exist constants v > 0 smc/i that 
for any multi-index \a\ < |_f J + 2 , 

(2-13) 

|£“V’(*>OI<*'“ 1 |£l 7 “ W (2-14) 

hold for almost every t > 0 and £ 0. TTien for any f £ C^°(R d+1 , H) 

T /2 


|A 7 / 4 p(t,s,-) * /(s,-)(:r)|ff ds) 


L p (RA+i) 


< A|||/|tf|| ip(R d+i), 


where N depends only on p , 17 7 and d. 

For applications of Theorem 12.51 we recall the operators Ai(t) from (11.51) . that is, 
A 1 (t)u = (-l )” 1 " 1 ^ a a/3 (t)D a+ P u , A 2 (t) = -a(f)(-A ) 7 / 2 

|a| = |/3|=m 

where the coefficients a a & and a(t) are bounded complex-valued measurable func¬ 
tions satisfying v < 5R[a(t)] < v~ l and 

H£| 2m < 51 [« a/ 3 (w,0] < ve e R d . 


|a| = |/3|=m 


Denote 


pi(t, s, z) = pi, m {t, s,x) = IoKsKtJ 7 1 ( exp { - J a a/d (r)£“ ^ dr}) (x), 

p 2 (t,s,x) =p 2 ,-y(t, s, z) = / 0 < s<t J' _1 (exp { - IfX 1 J a(r)dr}^j(x). 

Corollary 2.6. Let p > 2. Then for any f £ Cfi° (R, d+1 , H), 
ft - 1/2 


( J |A m/ 2 pi(t, s, •) * f(s, ■)(x)\ 2 h ds') 


ip(R d+1 ) 


< A|||/|77||i p ( R rf+i), 


where N depends only on p, u, m and d. 

Proof. It is obvious that the symbol = —a“^(t)£“£^ satisfies (12.131) and 

(12.141) with 7 = 2m and any multi-index a. Thus the corollary follows from Theorem 
12.51 □ 


Corollary 2. 7. Let p> 2. Then for any f £ C'o°(R d+1 , H), 
<■* - 1/2 




where N depends only on p, u, 7 and d. 


L p ( R4+ 1 ) 


< A|||/| R || ip(R d + i), 


Proof. The symbol related to the operator A 2 (t) is — a(f)|£| 7 , and therefore the 
corollary follows from Theorem l2.5l □ 
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Recall we defined (—A) 7 / 2 as the operator with symbol |£| 7 for any 7 £ (0,oo). 
For further applications of Theorem 12.51 we consider a product of (— A) k and an 
integro-differential operator Co = £0,7- We remark that in place of (— A) k one can 
consider many other pseudo-differential or high order differential operators. 

Fix 7 £ (0, 2), and for k = 0,1, 2, • • • denote 
C k (t)u = (-A) fc £ 0 , 7 w := 

/ ((-A) fe u(i, x + y)- (-A ) k u{t, x ) - x(2/)(V(-A) fc M(£ x),y)) m(t, y)y%~ 

J R d \{o> 7 ' \y \ +1 

where x{y) = £y>i + I\ y \<il-y=i and m(t,y) > 0 is measurable function satisfying 
the following conditions : 

(i) If 7 = 1 then 



wm(t,w) S\(dw) = 0, 


Vi > 0, 


(2.15) 


where dBi is the unit sphere in R d and S\{dw) is the surface measure on it. 

(ii) The function m = m(t , y) is zero-order homogeneous and differentiable in y 
up to d 0 = Lf J + 2. 

(iii) There is a constant K such that for each t £ R 


sup \D^ a \t,y)\<K. 

M<<2o,|3/|=1 


It turns out that the operator C k is a pseudo differential operator with symbol 


= -ci|£| 2fc [ |(w,£)| 7 [1 — i<p^(w,f)]m(t,w) Si(dw), 

J dBi 


(7)/ ^ Kf) T 2 KO , I , t -\I T 

= C 2T7T7TTT / 7V1-ttttttt n ?)l-*7=i> 


I KOI' 


7T \(w,£)\ 


and 01(7, d), 02(7,0?) are certain positive constants. 

(iv) There is a constant No > 0 such that the symbol i/>(i, £) of Ck satisfies 


sup $t[ip(t,£)}<-N 0 . 
t, ICI=i 


(2.16) 


One can check that (12.161) holds if there exists a constant c > 0 so that m(t, y) > c 
on a set E C dB\ of positive S\ (dw)-measure. 


Corollary 2.8. Let p > 2 and p{t, s, x) be the kernel related to C k (t). Then under 
above conditions (i)-(iv) on m(t,y) it holds that for any f £ Cq°( R d+1 ,H) 


( J |A k/2+l/i p{t 1 s, •) * f(s,-){ x)\ 2 h dsj 


1/2 


M RA+ 1 ) 


< A ll l/l^llL p (R d + 1 )) 


:|e| 2fe+ ^(i,6- 


where N depends only on p, 7, fc, d, No and K. 
Proof. Note that for £ ^ 0 
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The above equality is obvious if 7 ^ 1, and if 7 = 1 then by (|2.15l) 

= l£| 2 fc+ V(*, j||) +l£| 2 feln l£l J { w i £)m{t, w) Si(dw) 

= iei 2fe+ V(t,^). 

By using condition (iii) one can check (see e.g. 13 Remark 2.6]) that for any 
multi-index a, |a| < do, there exists a constant N = N(a) such that 

id“#,oi< wi£r w - 

Thus it is obvious that the given symbol tp satisfies (12.161) and (12.141) . The corollary 
is proved. 

□ 


3. Some preliminary estimates 
For / S C'g°(R <i+1 , H), we define 

/ rt N 1/2 

Qf{t,x):=(J \K(t,s,-) * f(s,-)(x)\ 2 H dsj 

Lemma 3.1. Let Assumvtion \2.1\ hold and f € C'g°(R d+1 , H). Then for any 
—00 < a < b < 00 , 

ll^/llL((a,6)xR-)5^lll/|ff|ll a ((-oo,6) x Rd), (3.1) 

where N = N(d, Co). 

Proof. By the continuity of /, the range of / belongs to a separable subspace of 
H. Thus by using a countable orthonormal basis of this subspace and the Fourier 
transform one easily finds 

\\sf\\ L 2 ((a,b)xH d ) 

= (2n) d [ f f \T{K{t, s, -)}(0| 2 l^(/)(s, €)ljrdsdtd$ 

J R d J a J —00 

<(2n) d [ [ [ I 0 < t _ s \T{K(t,s,-)m\ 2 dt\T(f)(s,0\ 2 H d^ 

J R, d J —00 J a 

< (2 *) d f f_ (J s °° \T{K(t,s,-)m\ 2 dt^ \T(f)(s,Z)\ 2 H dsdt;. 

From (EH), we have 

\\Gf\\l 2 «a, b )^)< N [ b [ m)M\Hd£ds. 

J —00 J R. d 

The last expression is equal to the right-hand side of (13.11) , and therefore the lemma 
is proved. □ 
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Corollary 3.2. Letr\,r 2 > 0. Suppose that Assumption\2J\holds, f £ Cq° (R d+1 , H), 
and fit , x) = 0 for x ^ Bz ri . Then 



\gf(s,y)\ 2 dyds<N(d,C 0 ) 



\f(s,y)\ 2 H dyds. 


Proof. Applying Lemma |3.II with a = — 2r2 and 6 = 0 and using the condition on 
/, we gt 


' —2v 2 J B ri 


\Gf(s,y)\ 2 dyds < 


Hence the corollary is proved. 


/ — co J 

p0 r 


\Gf(s,y)\ 2 dyds 


< N / \f(s,y)\ H dyds 
J — oo J R d 

= N j f \f(s, y)\%dyds. 

J — oo j B 3ri 


□ 


For R > 0 and real-valued locally integrable functions h(x) on R d , define the 
maximal functions 

M *h{x) := sup 1 [ \h(y)\dy, M x h(x) := M°/i(x). 

r>R \B r {x)\ J Br{x) 

Similarly, for real-valued locally integrable functions h = h(t) on R we introduce 

1 r 

M^h(t) := sup— / \h(t + s)| ds, Wl t h{t) :=M$h(t). 
r>R 2r J_ r 

For functions h = h(t,x ), set 

M *h(t,x) :=M■))(*), M?h(t,x) *))(*). 

Obviously if Ri> R 2 , then 

M^h{x) < M. x 2 h{x) 

and if R n J. R, then 

The same properties hold for Mf. 

Let S\(dw) denote the counting measure on {—1,1} if d = 1 and the surface 
measure on the unit sphere if d > 2. The following lemma is a slight modification 
of [TO] Lemma 8 ]. 

Lemma 3.3. Let f £ Co(R d ), and v{x) be a locally integrable and continuously 
differentiable function on R d . Let x,y £ R , \x — y\ < R\ and f{y — z) = 0 if 
\z\ < R 2 with some constants > 0 Then it holds that 

\if * v)[y)\ < N(M^ 1+R2 f 2 ix)) 1/2 [ (Ri+p) d ( [ (' Vv(pw) ) w) 2 S 1 {dw )) ' dp, 

JR 2 x JdB 1 7 

where N = N(d). 
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Proof. Since the case d = 1 is easier, we assume d > 2. Using the polar coordinates 
and Fubini’s theorem we get 



— z)v(z) dz 


IR 2 J dB 1 


f{y-pw)v(pw)p d S 1 (dw)dp 


[ [ v(pw)[^~ f f(y-'jw)'y d 1 d'y) S^dw) 

JdBi UR-2 V d P JRi ) 


dp. 


By integration by parts and the assumption on v, for almost all w, 


[ v{pw) (f f(y — 7 w) 7 d 1 d'y) dp 

Jr 2 \dp Jr 2 ) 

nOO n p 

= -/ {Vv(pw),w) f(y-'yw)'y d ~ 1 d'ydp. 
Jr 2 J Ri. 


In the above we use the fact that there exists a sequence p n —> oo, which might be 
dependent on w, so that v(p n w) —> 0 as n —> oo and that f(y — 'yw)'y d ~ 1 d'y is 
a bounded function of p. Also note that the limits of two improper integrals exist 
since the first one is actually an integral over finite interval. 

By the assumption \x — y\ < Ri, for any p> Ri 



f(y-z) dz 


[ f 2 {z) dz < [ f 2 (z ) dz 

JB P (y) J Br 1 + p (x) 

< N(d)(Ri + p) d M Rl+R2 f 2 (x). 


Finally using Fubini’s theorem, Holder’s inequality, and the assumption that f{y — 
z) = 0 if \z\ < i? 2 , we get 

< 


lR 2 JOB! 


(Vv(pw),w) J f(y — r yu’)'y d 1 d r yS\{dw)dp 

< [°° ( f [ P (V«(pu;),«)) \ d ~ 1 d 1 S 1 (dw)) 1/2 

Jr 2 x Job 1 Jr 2 ' 

x ( [ [ f 2 {y - d~/Si(dw)) 1 dp 

K JdB 1 JR 2 J 

< [ p d/2 ( [ C Vv(pw),w ) S'i(dw)) 7 ( [ f 2 (y — z) dz) ' dp 

Jr 2 k Job 1 j K J\z\<p j 

r oc p ]_/2 

<N(M Rl+R2 f 2 (x)) 1/2 (R 1 +p) d ( (Vu(pw),u;)| Si(cto)J dp. 

J Ro. J dB i 


The lemma is proved. 


□ 


For ti , V 2 >0 denote 

Qr 2,ri •— ( 2r2, 0) X Br\- 


Lemma 3.4. Suppose there exist constants er, k > 0 and p > d + 2 so that 
| D x K(t, s,x)| < C\(t — s)~ a Fi ( t , s, (t — s)~ K x) |, 

— 2<r + n(p + d) > —1, 


(3.2) 

(3.3) 
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and 


Hi,k (m) : = sup / \x\ >l \Fi{t ) s, x)\ 2 dx < oo. (3.4) 

s<t J\x\>ri(s—r)~ K 

Let f £ C'^°(R d+1 , H) with support in (—10r2,10r2) x R d \ Bz ri - Then for any 
x £ B ri we have 



\Qf{s,y )\ 2 dsdy < NH 1>K (p)rfrf CT+K ^ +d)+1 



M 3 ^\f\ 2 H (s,x)d 


s, 


where N = N(d , p, a , k, Cq,C). 


Proof. Let x £ B ri , (s,y) £ Qr 2 ,r 1 and r < s. Then \x — y\ < 2ri, and |z| < rq 
implies \y — z\ < 2rq and f(r, y — z) = 0 due to the assumption on /. Therefore, 


\K(s,r,-) * f(r,-)(y)\ H < [ \K(s,r, z)\\f\ H (r,y - z) dz. 

J\z\>n 

Applying Lemma 13.31 with R\ = 2r\ and i?2 = fi , we get 

\K(s,r,-)*f(r,-)(y)\ 2 H 
<NM^\f\ 2 H (r,x)( f°(2r 1+ p) 


< 


'VK(s,r 1 pw) S\(dw)] 1 ^ 2 dp 
NM 3 ^\f\ 2 H (r,x)( [ p d [f VK(s,r,pw) 2 S 1 (dw)} 1/2 dp) . (3.5) 

\*/ri / 


By (13.21) and the change of variable (s — r) K p —> p , the last term is less than or 
equal to constant times of 


r * / 

Fi(s, r, pw) 

\Jri(s—r)~ K J dBi 



(s-r^+M^M^ 1 \f\* H (r, x ) 

By Holder inequality and the definition of H^k{p), 


1/2 


Fi(s,r,pw) Si(dw)] 1 ^ 2 dp 


y*/ri(s— r)~ K J dBi 

<(f°° p d+ dp 

\Jr 1 (s-r) K 

< Nr d+2 ~^{s - r) K ^- d ~ 2) H hK (p). 


r 

[ p^ +d ~ 1 

Fi(s,r, pw) 

Wri(s-r) 

J dBi 
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Coming back to (13.51) and remembering the definition of Qf , we get 
\Gf(s,y)\ 2 dsdy 

r 0 


Qr2,T' 


< (M)ri d+2-/i f f (s-r)- 2a+K ^ +d) M 3 x ri \f\ 2 H {r,x)drds 

J — 2r 2 J — 10r 2 

/ 0 ■ pO 

/ {s - r)~ 2a+ ^ +d) ds M 3 x ri \f\ 2 H {r,x)dr 

-10r 2 Jr 
rO 

< NH hK (y)rl d+2 ~^ / (-r)- 2a+K ^ +d)+1 M 3 x ri \f\ 2 H (r,x)dr 

J-10r 2 

< NH hK (fx)r 2 1 d+ 2 -^r ~ 2,7+K{ll+d)+1 [ M 3 x ri \f\ 2 H (r,x)dr. 

J- lOr-a 


The lemma is proved. 


□ 


Recall that 0(0, d) := 6d— 2d. 

Lemma 3.5. Suppose that 

\D 2 x K(t,s,x)\ < c(it — s)~ a \F 2 {t,s, ( t — s) _re x)| A (t — s ) _c ) (3-6) 

holds with some constants a, k, c > 0 and there exists S > 0 such that 

r 2 = r'i, 0(25,c—5) < —1. 

Moreover assume that there exists p > d + 2 so that 

0(re + 5, g — 5) — (5 — n)p < —1, (3-7) 

and 

H 2 ,k(p) ■= sup / \x\ >l \F 2 (s,r,x)\ 2 dx < oo. 

r<s J\x\>{s—r) 5 ~ K 

Let f £ Co°(R d+1 , U), and f(t,x) = 0 for t > —8r 2 . Then for any {t,x) £ Q r2 ,n 
we have 

sup |V £/| 2 

Q r 2 i T’l 

< N^H 2tK (p)r 2 {K+5 ’ a ~ S) ~ {S ~ K) ^ +1 A r 2 {2S ’ c ~ S)+ ^M 6 t r2 M 2 x ri \f\ 2 H (t,x), 
where N = N{d 1 p, 5, c, er, k, Co, C). 


Proof. Let ( t,x),(s,y ) £ Q r2 , ri and r < s. By Minkowski’s inequality 


ll/(s + V)H-||/(v) 


< 


|| f(s + h,-)~ f(s, 
\h\ 


the derivative of a norm is less than or equal to the norm of the derivative if both 
exist. Thus, 


-Jj^Gf(s,y) = ^-(/ \K{s,r,-)* f(r,-){y)\ 2 H drj 


d 


1/2 


< 


t J — oo 

d_ 

-oo dxi 


K{s,r,-) * f(r,-)(y) 


dr 


H 


1/2 
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Applying Lemma [3731 with R± = 2r\ and R 2 = 0 we get 


where 


l-K(s,r r )*f(r,-)(y)\ 2 H < NM 2 J'\f\ 2 H (r,x)(l 2 + I 2 2 ) 


Xi = 


f oo p 2 / 

/ (2ri +p) d ( D 2 x K(s,r,pw) S 1 (dw )) 1/2 dp, 
J(s-r) 6 JdB 1 


[ (2r 1 + p) d ([ D 2 x K{s,r,pw) Si(dw )) 1/2 

JO JdB 1 


12 = 


dp 


Thus, 


^(a,y) f < N f M 2 x ^\f\ 2 H (r,x)(l 2 +X|) dr. 
Since f(r,x) = 0ifr> — 87 - 2 , we may assume r < — 8 r 2 - So 


|s — r |' 5 > 6 r 2 = 6 ri. 


First, we estimate X\. Due to (13.811 and (13.611 . 

D x K(s,r,pw) Si(dw)) 1 ^ 2 dp 
D x K(s,r, pw) Si(dw)) 1 ^ 2 dp 


h = / (2 ri + p)° 

J (s—r) s JdBi 


<N p 

J (s—r) s JdBi 
poo 

< ] 

/ ( s—r) s 


(3.8) 


N(s-r) a f p d ( [ | F 2 (s,r,(s-r) K pw)\ 2 Si(dw)) 1 / 2 dp. 

J (s—r) s JdBi 


By the change of variable (s — r) K p —> p, the last therm is less than or equal to 


N(s - r )~ ,T+ < d+1 '> 

< N(s - r )- a+K{d+1) 


( s—r) s ~ 


P d ( [ \F 2 {s,r, pw)\ 2 Si(dw)) 1/2 dp 

Job 1 


p 

1/2 

p 

/ p d -» +1 dp 


/ | z\»\F 2 {s,r,z)\ 2 dz 

J (s—r) s ~ K 


J |-z|>(s— r) s ~ K 


1/2 


©(«+<5,<t — <5) — (<5 — k) /i 


< N(s — r) 

< NH i\! k(p)(s - r) 


1 1/2 


| 2 :|>(s — r) s ~ 
©(«-)-<5, er— 5) — (5 — 


\z\ tl \F 2 {s,r,z)\ 2 dz 
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Note |s — r\ > r/2 for r < — 8 x 2 . Thus, by the integration by parts and the 
assumption on /, 


f Mp\f\ 2 H {r,x)li dr 
J — oo 


-8 r 2 


< NH 2 ^ k (h) / (s - |y| 2 ^( n x ) dr 


< NH 2 , K (p) 


' —OO 

/*— 8 r 2 


,|©b 


<5) — (<5— K)fi— 1 


I/Iff (s,a:) ds 


dr 


/ — OV2 

\r\o(*+^-6)-(s-K)r dr 

-OO 

< NH 2 , K {ii)r 2 {K+S ’ a ~ S) ~ iS ~ K) ^ +1 M 6 / 2 M 2 x ri \f\ 2 H (t , x). 


Next we estimate 12 - Using (13^1) and (13.81) . 

n(s-r) 


e (2 s,c-s) 


l 2 < j (2ri+p) d [/ D 2 K(s, r , pw) S'i(dw )] 1 " dp 
JO JdB i 

< iV(s — r) 0 / (2ri + p) dp < N(s — r)~ 

Jo 

Applying the integration by parts again, we obtain 
f MM/ll,(r,x)J 2 2 dr 

J — OO 

/ —8V2 

{s - r) e ( 2S ’ c - s) M 2 x ri \f\ 2 H (r,x) dr 

-OO 


-oo 
r*— 8 r 2 


< TV 


10(25, c—5) —1 




dr 


r*— 8 r 2 


< NM® r 2 M^i|/|^(t,x) / | r |0(25,c-5) d r 

J — oo 

< A r r® ( 2 l 5 ’ c_ ' 5 )+ 1 M® , ' 2 M^ ri |/|^(t, x). 


Finally, we get 


s" s/(s ' !,> r 


< N 


(.#2, a Orb 


©(tt+< 5 ,£ 7 —<5) — (<5— k)h+1 ^ ^©(2<5,c—(5) + l^ -^ / n- 6 r 2 ^ 2 ri | f \2 


\J\h (*> ;e )- 


The lemma is proved. 


□ 


Lemma 3.6. Suppose that 
d 2 


-K(t,s,x) 


< 


c((/— s) a \F 3 (t,s,(t — s) K x)|A(i —s) 


dxdt 

holds with some constants a, k, c > 0 and there exists a constant 5 > 0 such that 

r 2 =n, 0(25, c-d) <-1. 
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Moreover assume that there exists /a > d + 2 so that 

Q(k + d, a — d) — (d — k)h < —1, 

and 

H 3tK (y) := sup / \x\^\F 3 (s,r,x)\ 2 dx < oo. 

r<s J\x\>(s—r) 6 -* 

Let f £ C£°(Tl d+1 ,H) and f(t,x) = 0 for t > —8r2. Then for any (t,x) £ Qr 2 ,n 
we have 

sup \D t gf \ 2 

Qr<2 jT’i 

< N(^H 3tK (n)rf {K+S ' a ~ S)HS ~ K) ^ +1 Ar® {2S ’ c - S)+1 )M 6 ™M 2 x ri \f\ 2 H (t,x), 
where N = N{d 1 /x, 6 , c, er, k, Co, C). 

Proof. The proof of this lemma is quite similar to the previous one. Note that by 
Minkowski’s inequality 

/ —8r 2 

\K{s,r,-)* f(r,-){y)\ 2 H dr] 1/2 \ 

-OO 

/ —8r 2 

I D s K(s,r,-) * f(r,-)(y)\ 2 H dr] 1/2 . 

-OO 

The other parts are easily obtained by following the proof of the previous lemma. 

□ 


4. Proof of Theorem 12.41 
First, observe that from (|2.2|1 and (12.91) we have 

—2oi + + d) > — 1. (4.1) 

Indeed, 

— 2(Xl + + d) — /Xl(c 2 — C 3 + 1) — d(c 2 — C 3 + 1) — 2(c 2 — C 3 ) - 3 

= (c 2 - c 3 + l)(/xi - d - 2) - 1 > -1, 

since c 2 — c 3 + 1 = > 0 and yi > d + 2. 

Also, we can derive the following relation from (12.21) (note that c 2 > ^) 

0(25o, C 2 — do) = — 2d 0 - 1 = ^ 2 — 1 < —1 (4.2) 

and 

0(2<5o, c 3 — do) = 0(2do, C 2 — do) + 2(c 2 — c 3 ) = —3. (4-3) 


Take do from (12.101) . If Assumption 12.21 holds, then do > 0 due to (14.21) . For 
R > 0 set 


Qr = (— 2R,0) x B r s 0 . 

By f dsdy we denote the mean average of / on Q R , i.e. 



1 

\Qr\ 



f{s,y ) dsdy. 
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Recall 

Gf{t,x) := ( f \K(t, s, •)* f{s,-)(x)\ 2 H ds) ' . 

To continue the proof we need the following lemma. 

Lemma 4.1. Suvvose that Assumvtion \2. II and \2.‘A hold. Then for any (t,x) G Qr 

T7T15 I I \Gf{s,y) ~Gf{r,z)\~ dsdydrdz < NM t M x \f\ 2 H (t,x), 

\Qr\ JqrJqr 

where the constant N is independent of f, R, and (t,x). 

Proof. Let (t, x) G Qr. We take a function ( G Cg°( R) such that 0<C<1,C=1 
on [—81?, 8R], and C = 0 outside of [—101?., 101?]. Define 

-40, y) := /0> y) CO). ®0, y) ■= /0> y) - -4(s, y) = f(s, y){ 1 - CO))- 

Then 


K(t,s,-) * A{s,-) = ((s)K(t,s,-) * f(s,-), Gf <GA + GB and GB<Gf- 

The first inequality comes from Minkowski’s inequality. The second inequality 
comes from the fact \K(t,s,-) * B(s,-)(y )| = (1 — C0))|lf(f, s, •) * /0,-)(y)| and 
|1 — CO)| — 1- So for any constant c, 

\Gf-c\<\GA\ + \GB-c\. (4.4) 

This is because if Gf > c, then 

\Gf - c| = Gf - C < GA + GB - c < \GA\ + \GB - c\ 


and if Gf < c, then 

\Gf -c\=c-G.f <c-GB< \GA\ + \GB - c\. 


First we prove 



\GA(s,y)\ 2 dsdy < N\QR\M t M x \f\ 2 H (t,x). 


(4.5) 


Take ij G Co°(R d ) such that 0 <? 7 < 1,77 = 1 in B 2 rs 0 , and y = 0 outside of B 3R s 0 . 
Set A\ = r/A and A 2 = (1 — if)A. By Minkowski’s inequality, GA < GAi + GA2- 
GAi can be estimated by Corollary 13.21 Indeed, 


\GAi(s,y)\ 2 dsdy < N 


\M(s,y)\ 2 H dsdy 


I-2R Jb c 


— OO 
r 0 


I B n 


<N / \Ax{s,y)\ 2 H dsdy 

J-iorJb 4rSo (x) 

r 0 


< NR s ° d 


I-IOR 


,\Ai(s, x)\ H dsdy 


< ?Vl? 1+ ' 5od M t M x |.4i(t, x)\ 2 h 

<NR 1+Sod M t M x \f(t,x)\ 2 H . 


Hence it only remains to show (14.51) for GA 2 instead of GA. 
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Due to dSD , (13.31) holds for y = y\ and (a, n) = (ai,m). Thus from Lenima THI 
with (r 2 ,ri) = (R,R S °) we have 

[ \GA 2 (s,y )\ 2 dsdy < ^i? 5 o( 2 d+ 2 -^ l) - 2 <Tl+Kl(/il+d)+ 2 M t M a; |/|^(t,a;) 

J Qr 

< A^i? 0 ( 2 ' 5 o+Kl ’ ,Tl - l 5 ( 5 )+ 2 - (, 5 o - Kl) ' il M t M x |/|^(t,a:). 

Moreover due to (12.111) and (12.101) , 

0(2(5 O + ki, o\ — (5o) + 2 — (<5o — k\)hi = 0(<5o, 0) + 1 = Sod + 1 

and so (14.51) is obtained. To go further, recall (12.111) and (14.21) . 

0(^2 + So, &2 — So) — (So — K 2 )y >2 = 0(25o, C 2 — So) = —2So — 1 < —1 

so (15771) holds with y = y 2 and (a,n,c) = (<t 2 , k 2 ,c 2 ). Hence applying Lemma 1ST 
with (r 2 ,ri) = (R,R 5 °), 

sup \\7QB\ 2 
Qr 

< N^R e{K2+So ’ a2 - So) -^°- K2)fi2+1 A R e( - 2So ’ C3 - So ^ +1 ^M t M x \B\ 2 H (t,x) 


Hence 


sup|l? 5 o V&B | 2 < NM t M x \B\ 2 H (t,x). 

Qr 


(4.6) 


Similarly Lemma lTOl with (7-2, r\) = (R, R s °), (y, 8, a, k, c) = (ys, So, <73, K3, C3) gives 


sup|i?|W )| 2 < NM t M x \B\ 2 H (t,x). 
Qr & 


(4.7) 


To apply Lemma 13.51 and Lemma 13.61 above we used the fact that QB(s,y) = 
Q(I { -oo, 0 )B)(s,y) on Q R . Next by (JOJ), 

1 f 


\Qr\ 2 


' Qr J Qr 
< 2 


| Gf(s,y)-Gf(r,z)Y dsdydrdz 


l-f |Gf — c | 2 dsdy < 4 -j- \GA\ 2 dsdy + 4-1 \QB — c | 2 dsdy. 
J Q J Q J Q 


Taking c = QB(t,x), from (14.51) . (14.61) . and (14.71) we get 

V , 

I Qr J Qr 


\Qr \ 2 


/ / \Gf(s,y) - Gf(r,z)\ 2 dsdydrdz 

J Qr J Qr 

< 4 / \QA\ 2 dsdy + 4-f \QB-GB(t,x)\ 2 dsdy 

J Qr J Qr 

<NM t M x \f\ 2 H (t,x) + 4-f \GB-GB(t,x)\ 2 dsdy 

J Qr 

< JVM t M x |/||j-(t, x) + iVsup (\RD S QB\ 2 + \R s °V g B\ 2 ) 

Qr 

< NM t M x \f\ 2 H (t,x). 


The lemma is proved. 


□ 
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We continue the proof of the theorem. For measurable functions h(t, x) on R d+1 , 
we define the sharp function h^(t,x) 

h i (t,x)= supf-^7 [ \f(r,z) — f Q \ drdz, 

Q \Q\ Jq 

where /q := ^ Jq f(r, z ) drdz , and the sup is taken all Q containing (i, x) of the 
type 

Q = (s — R, s + R) x B R s 0 ( y ), R > 0. 

By Fefferman-Stein Theorem [T21 , Theorem 4.2.2], for any h £ L p (R d+1 ), 

ll /l lli p (R d + 1 ) < ^ r ll^ t) ||L p (R d + 1 )- 


Now we claim 

< N(M t M x \f\ 2 H ) 1/2 (t,x). (4.8) 

By Jensen’s inequality, to prove (14.81) it suffices to prove that for each Q £ Q and 
C t,x ) £ Q, 

/ \Gf - (£/)q| 2 dyds < NM t M*\f\ 2 H (t,x). 

Jq 

Note that for any hi G R and h 2 G R d , 


Gf{t - hi, x - h 2 ) = Gf(t, x) 



K(t,s,-) * f(s,-)(x)\ 2 H ds') 


1/2 


where /(f, x) = f(t — hi, x — h 2 ) and K(t , s, y) = K(t — hi, s — hi,y). Since K 
also satisfies Assumptions 12.11 and 12.21 with the same constnats, we may assume 
Q = [— 2i?, 0] x B r s 0 . Thus Lemma |4~T1 proves (14.81) because 

/ \G.f - (S/)q | 2 dyds < —^ [ I \Gf(s,y) — Gf(r, z)\ 2 dsdydrdz. 

Jq \Qr\ JqrJqr 

Finally, combining the Fefferman-Stein theorem and Hardy-Littlcwood maximal 
theorem [T2j Theorem 1.3.1], we conclude (recall p/2 > 1) 


< iV||(M t M :c |/|^) 1 /2||^ (R(i+i) = N J^JjM t M x \f\H) p/2 dtdx 

<N f [ (M x \f\ 2 H y/ 2 dtdx 

J R d Jr 

= N f [ {M x \f\ 2 H y/ 2 dxdt 

Jr JR d 


Therefore, the theorem is proved. 


□ 
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5. Proof of Theorem 12.51 


Denote 


K(t,s,x) = (-Ay/ 4 p(t,s,x) = I 0 < s<t F *(|£| 7/2 exp { ip(r,^)dr}^j(x). 

We prove that Assumptions 12.11 and 12.21 hold with 

= I 0 < s<t £ (f |?P /2 ex P {M(t, s, £)}) (*) , 

i 

Fiit, s, x) = I 0 < s<t Y,\F-'(e?\^e* V {M(t,s,t)})(x) 


h3 


and 


F 3 (t,s,x) = Io< s< tY^ T 1 (ft - ^ _ e g) i/ 7 )epr /2 exp {M{t, s , 0}) (s) 

where M(t, s, f) := f* if(r, /^ jdr. 

In the the following lemma we first prove m-m with 

i d+1 1 d + 2 1 d+1 3 

Hi = K 2 = K 3 = 7 , G\ — -h-, cr 2 = C 2 =-t--, CT 3 = C 3 = 


72 ’ 7 2 ’ 

Lemma 5.1. There exists a constant N = N{d, T,v) > 0 such that 


7 2 


T 


(K(t, s, ■))(£) 


dt < N, 


and 


\D x K{t,s,x)\ < N(t - s) r 2 7 (|Fi(f, s,x)| A l), 
\DlK{t,s,x)\ < N(t- s)~ 7 - 5-7 (|_F 2 (f,s,x)| A l), 

^D x K(t,s,x) | < N{t - s) _ 7 _ l _ 7 (|F 3 (f,s,x)| A l). 


Proof. The first assertion comes from (12.131) . Indeed, since $tijj(t,£) < — i/|£| 7 , 


dt 


J F^K{t,s, •))(£) dt = |^| 7/2 exp {J il>(r,g)dr} 

POO 

<N \^e- 2vt ^dt < N. 

Jo 

Next because of the similarity, we only prove the last assertion. From the definition 
of K(t, s, x) and M{t, s, £), 


d d 

orm K{t ’ s ' x) 


= Io<s<t(t-s) 1 2 


— Io<s<t 

d _ 3 _ 1 


F 1 (*/>(*, £)£’!£| 7/2 exp( f ip(r, ^)dr))(x) 


- sW P yv7i77)f'ifi 7/J «p{«(‘.».f))) (j^pjTTr) 

< (t — 2_: r F 3 (t, S, (t — s)~ lh x). 
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Furthermore, by (12.1311 and (j2.14[) . 

£ 


T 


< 


< 


1 ({t-s)ip(t, _ g)i/ 7 )£ Z |£l 7/2 ex P {M{t, s, £)}) (x) 

N |(i - s»(t, e‘l«r /2 «P ([ <Kr, )*•) 

n( |# +1 exp ( - Hd 7 ) dt<N. 

J R d 




Hence the assertion is proved. 


□ 


Lemma 5.2. Let h £ C 2 (R d \ {0}) satisfy 

\h{x)\ < N 0 \xfe~ c W\ VxeR d \{0}, 

with some constants c, No > 0, ? > 77 — | and 7 > 0. Further assume that either 
77 € [0,1) and |D/i(x)| < No\x\‘‘~ 1 e~ c \ x ^, Vx £ R d \ {0} 
or 

p £ [1,2) and |H 2 /i(x)| < A^o|x| , '~ 2 e _c ^l 7 , Vx £ R d \ {0} 
holds. Then 

||(—A) ,) / 2 /i|| i 2 (R d ) < N < 00, 
where N = N(Nq, 77, c, 7 ). 

Proof. See [3] Lemma 5.1]. □ 


Corollary 5.3. Suppose 


Then, 



/ 

2L 

fj+l< 

LfJ+2 

if 

M 

2 

2LfJ 

e [ 0 , 1 ) 


1 

2L 

fJ+2< 

LfJ+2 

if 

M 

2 

2LfJ 

G [1,2). 

sup 

f 

|x| 

M |i r x(*,s, 

x)| 2 dx < 

00, 

if 

p < 

7 + d + 2 ; 

s<t , 

/ R d 








sup 

f 

|x| 

M |i r 2(i,a, 

x)| 2 dx < 

00, 

if 

p < 

(7 + d + 4); 


1 R d 








sup 

s<£ «. 

> R d 

|x| 


x)| 2 dx < 

00, 

if 

p < 

(37 + d + 2) 


Proof. Because of the similarity of proofs, we only prove the last assertion. 
Parseval’s identity, it suffices to show 


sup 

S<t 



{-Ay^Fifrs,® 


d£ < 00 , 


Vi, 


By 


where 

^3 & s , •))(£) = !o< s <t(t - s)ij)(t, C |£l 7/2 exp {M(t, s, f)}. 

Using (12.131) and (12.141) . one can check that there exists a constant N = N{v,m) 
such for each 0 < s < t, £ ^ 0, and p < |_|J + 2 

| (—A) U3 (s, t, £) | < AT|^|T+ 1 - 2 W 4 J e -H«r. 




















22 


ILDOO KIM, KYEONG-HUN KIM, AND SUNGBIN LIM 


Moreover 




if j ~ L 4 J e I 0 ' f)> and 


d 2 


1 


(—A)L /i f 4 iFg(s, t, £)| < N 


if f — LfJ e [ 1 , 2 ). Finally we set 


37 


■n = »! 2-2Lm/4J, <? = — +1 - 2 Lm/4J. 


Then, for /i < 37 + d + 2, we have 


Therefore Lemma 15.21 is applicable, and the assertion is proved. 


□ 


We continue the proof of the theorem. Recall that we defined 


So obviously 


Ki = k 2 = k 3 


1 

5 

7 




C3 — 03 — - 
7 


1 

7 

7 

3 1 

- + - 


^0 = C 2 - c 3 + 1 


1 

5 

7 


C 2 > 


1 

2 ’ 


0(«i + <5o, °i ~ <5o) + 1 — —— 2 ^—f- — +1 — 0, 

7 \7 2 y 


0(«2 - <>o, cr 2 - c 2 ) = 0(0,0) = 0, 


and 


0(«3 - S 0 , a 3 - c 3 ) = 0 ( 0 , 0 ) = 0 . 

Thus (12.91) (or equivalently (12.111) ') is satisfied for any (/a, ^ 2 ,^ 3 ) € R 3 . Next we 
choose (/r 1 , /u 2 , / 1 /. 3 ) such that 

d ~b 2 <C //1 <C 7 H - d -|- 2 , 

d -+- 2 < /i 2 <C 7 “I” d + 4, 

and 

d -b 2 <C /i3 < 37 H- d H- 2 

so that for all 1 < i < 3 

f 2 LfJ+i<L|J +2 if f- 2 LfJe[o,i) 

\ 2LfJ+2<L|J+2 if f -2L£J e [1,2). 

Then due to Corollarv l5.3l we see that (12.61) . (12.71) . and (12.81) hold for these m, /r 2 , 
and 3 hence Assumption 12.2| holds. The theorem is proved. 
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